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Lecture 2 - Critical Graphs IV

1 Double-critical graphs

A critical graph is double-critical if removing any pair of adjacent vertices decreases the chromatic number by

two.

1: Show that a double-critical graph is critical.

Solution: Let G be k-chromatic. If G is not critical, then there exists v such that
G � v is also k-chromatic. Removing another vertex can drop the chromatic number
by at most one to k � 1, which is not k � 2 as desired by the definition.

2: Show that Kk is a double-critical graph.

Solution: Clearly Kk without two vertices is Kk�2 so the chromatic number drops
by 2.

Lovász conjectured that Kk is the only one, and nowadays it is known under the name Double-Critical Graph

Conjecture.

Conjecture 1 (Lovász). Kk is the only double-critical graph with chromatic number k.

It is easy to verify that it holds for k  4. Now, we give a proof for the case k = 5 which was found by Stiebitz

in 1987. Since then no progress was done for any bigger k.

In the proof of the theorem bellow, we will use the following property of optimal colorings.

Observation 2. Let c be an optimal coloring of a graph G. Then, for every color i, there is a i-colored vertex
that is adjacent with a vertex of every other color.

3: Prove the observation.

Solution: Obviously, if for a color i this is not a case then, we can easily recolor all
vertices of color i and reduce the number of colors.
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Theorem 3 (Stiebitz). K5 is the only double-critical graph with chromatic number 5.

Proof. Let G be a double-critical graph with chromatic number 5.

4: Show that if G contains K4, then G is K5.

Solution: Let Q is a 4-clique of G. If there are two vertices u, v outside of of Q, then
G � u � v still cannot be 3-colored. Hence there is just one vertex in addition to Q.
Let x be the vertex of G not from Q. As G is 5-critical, x is of degree 4, or it must be
adjacent to all vertices of G. This way we derive G is a 5-clique.

Now goal is to find K4 in G.

Let e = xy be any edge of G and c a 3-coloring of G � x � y. Denote by cG(x, y) the set of colors i of c for

which exists i-colored vertex adjacent to both x and y. Also denote by tG(x, y) the number of triangles that

contain the edge xy. Obviously, |cG(x, y)|  tG(x, y).

We claim first that (1) for any edge xy and any 3-coloring c of G � x � y, there exists a vertex of each color
adjacent to both x and y, i.e. |cG(x, y)| = 3, and hence tG(x, y) � 3.

5: Prove the claim (1).

Solution: Too see this extend c to a 5-coloring by assigning a new color to x and a
new color to y. Now, the claim follows by the above observation 2.

A graph is uniquely colorable, if it has just one coloring up to permutation of colors. Examples complete graphs,

stars.

Take a sequence of uniquely 3-colorable subgraphs of G denoted H1, H2, . . . , Hr such that

(a) Hi is a uniquely 3-colorable graph on i vertices;

(b) Hi is a subgraph of Hi+1;

(c) the sequence is maximal, i.e. there is no uniquely 3-colorable graph on r + 1 vertices that contains Hr.

6: Show that r � 3 and Hr is 3-chromatic.

Solution: Note that H1 is a vertex and H2 is an edge that contains that vertex. By
the first claim, this edge belongs to a triangle, so H3 is a triangle, and thus r � 3. In
particular, Hr is 3-chromatic.
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Let xy be the edge of Hr such that x is the vertex that is in Hr but not in Hr�1, and y is the neighbour of x

that belongs to some Hk with biggest possible k. Consider some 3-coloring c of G� x� y.

7: Show that the set tHr(x, y) of all common neighbours of x and y from Hr are colored by the same color.

Solution: To see this observe that all of them belong to some Hi with i < r. Any
3-coloring of Hr force them to be colored the same, and this coloring is also coloring
of Hi which is uniquely 3-colorable and so in G� x� y is a subgraph of G� x� y.

Now, by the first claim, x and y have at least two common neighbours, say u and v, that do not belong to Hr

(the one colored by other two colors). By the maximality of r, we have that Hr+u and Hr+v are 4-chromatic.

8: Finish the proof by showing that x, y, u, v for a clique.

Solution: Observe that G � Hr � u must be an independent set, otherwise remove
a possible edge from it, and we end-up with a 4-chromatic graph, namely Hr + u .
Similarly, G � Hr � v is an independent set. Notice that u and v must be adjacent
otherwise G � Hr is independent set and hence G is 4-chromatic. Finally, as u, v are
adjacent, we obtain that x, y, u, v comprise a 4-clique, and this establishes (2).
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